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Sparse Inverse Problems

Model : y = Hx + ε =⇒ Cost Function : J(x) = ‖y −Hx‖2 + α ‖x‖0

||x ||0 is the pseudo norm `0 ≡ number of non-zero elements of x

•Convex relaxation (`0 → `1)
•Greedy algorithms

}
7 sub optimal

•Bernoulli-Gaussian Model 3optimal?
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Sparse Inverse Problems

Model : y = Hx + ε =⇒ Cost Function : J(x) = ‖y −Hx‖2 + α ‖x‖0

Bernoulli-Gaussian Model (Cheng et al [3])

{
qk ∈ {0, 1}
Pr(qk = 1) = λ

and

{
xk |qk = 1 ∼ N (0, σ2

x)
xk |qk = 0 ∼ δ(xk)

IRAP PhD Day 5, June 2019 3 / 9



Posterior Mean Estimator

Posterior Distribution (Bayes Rule) :

Posterior︷ ︸︸ ︷
P(x ,q, λ|y) ∝

Likelihood︷ ︸︸ ︷
exp

(
− 1

2σ2
ε

||y −Hx ||2
) Priors︷ ︸︸ ︷

P(x |q)P(q|λ)P(λ)

∝ N (x ;µ,Γ)f (q, λ)

MCMC Methods - Gibbs Sampler

Gibbs Sampler

for each iteration n
for k from 1 to K

Sample qk |xk : Bernoulli distribution
Sample xk |qk : Gaussian distribution

end
end
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Collapsed Gibbs Sampler

Marginalization (M.Boudineau Phd Thesis [2])

P(q, λ|y) ∝ f (q, λ)

∫ ∞
−∞
N (x ;µ,Γ)dx ∝ f (q, λ)

with Marginalization

for each iteration n
for k from 1 to K

Sample qk : Bernoulli distribution
end

end
Sample x |q : Gaussian distribution

3 Fast convergence.
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Boundary Constraints

Example : positivity prior, xk ≥ 0 ∀k

Positive Bernoulli-Gaussian Model :{
qk ∈ {0, 1}
Pr(qk = 1) = λ

and

{
xk |qk = 1 ∼ N+(0, σ2

x)
xk |qk = 0 ∼ δ(xk)

Issue :
7 Marginalization is not possible !
7 Very slow algorithms
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Proposed solution :

Approximation by the Generalized Hyperbolic distribution [1] :
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Scale and Location Mixture of Gaussians :

GH(x ;λ, α, β, δ, µ) =

∫ ∞
0
N (x ;µ+ βw ,w)GIG (w ;λ, γ, δ)dw

3 Possible to marginalize H Fast convergence.
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Any questions ?!
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